This paper considers the magneto-electro-mechanical coupling between an inclusion and matrix, which are both of magnetoelectroelastic materials. The general cases including the mode I, mode II and mode III are studied. Analytical solutions for an elliptical cylinder inclusion inside an infinite magnetoelectroelastic medium under combined mechanical-electrical-magnetic loadings are formulated via the Stroh formalism. Crack problem is also investigated and the stress, electric and magnetic fields in the vicinity of the crack tip are determined by a complex vector of intensity factors. Various special cases, including an impermeable inclusion, a permeable crack, a rigid and permeable inclusion, a rigid and permeable line inclusion, a permeable cavity, and an impermeable cavity are discussed.
Introduction
The mechanical reliability of piezoelectric/piezomagnetic composite becomes increasingly important as they are used in more and more sophisticated areas, such as intelligent devices (Avellaneda and Harshe, 1994) . The performances of intelligent devices whose responses depend upon the electro/magnetic coupling are receiving more and more attention. Therefore, there has been tremendous interesting in studying the fracture behavior and fracture mechanics of those materials. There are some pioneering investigations for various crack problems for magnetoelectroelastic fracture. For example, a series of solutions for general cracking mechanics of magnetoelectroelastic solids were obtained in the works of Zhong and Li (2007) , Sladek et al. (2008) , Zhao et al. (2006) , Hu et al. (2007) , Gao et al. (2003) . Magnetoelectroelastic analysis for a penny-shaped crack in a magnetoelectroelastic material was investigated in the work of Feng et al. (2007a,b) , Tian and Rajapakse (2008) and Zhong and Li (2008a) . Zhao et al. (2007) , Kirilyuk (2008) and Zhao et al. (2008a) studied plane crack of arbitrary shape. The crack analysis of the three-dimensional two-phase transversely isotropic magnetoelectroelastic media was performed by Zhao et al. (2008b) . A three-dimensional crack problem in electromagnetothermoelastic multiphase composites under extended loads was investigated by Zhu and Qin (2007) . Shear crack in transversely isotropic magnetoelectroelastic media was investigated by Tupholme (2008 Tupholme ( , 2009 . Using integral transform method, Singh et al. (2009) developed closed-form solutions for anti-plane mechanical and in-plane electric and magnetic fields for two collinear cracks in magneto-electro-elastic layer of finite thickness under the conditions of permeable crack faces. Further, Zhong et al. (2009) undertook a dynamic analysis of two collinear electro-magnetically dielectric cracks in a piezoelectromagnetic material under in-plane magneto-electro-mechanical impacts. The solutions to two or four parallel permeable cracks in magnetoelectroelastic composite materials were derived by Zhou et al. (2008) and Zhang et al. (2007) . Liang et al. (2002) studied the magnetoelastic coupling effect in an infinite soft ferromagnetic material with a crack. Zhong and Li (2008b) considered the T-stress near a cracked tip in a magnetoelectroelastic solid. Crack propagating along the interface of two dissimilar magnetoelectroelastic materials was studied by Zhong and Li (2006) . Furthermore, magnetoelectroelastic fracture was considered for the case of thermal loading and transient loading Liu et al., 2005) . Zhu et al. (2009) presented an extended hypersingular integro-differential equation method for modeling the 3D interface crack problem in fully coupled electromagnetothermoelastic anisotropic multiphase composites under extended electro-magneto-thermo-elastic coupled loads.
Most of the previous works emphasized on the investigations of cavity filled with air (or vacuum). Inclusion problems also receive more and more attention. A spheroidal inclusion in a magnetoelectroelastic material was considered by Hou and Leung (2004) . The magnetoelectroelastic Eshelby tensors with reinforced ellipsoidal inclusions were studied by Huang et al. (1998 were derived by Chen et al. (2006) . Wang and Shen (2003) studied the two-dimensional inclusions of arbitrary shape in magnetoelectroelastic composite materials. General inclusion problems of anisotropic and fully coupled magnetoelectroelastic solids were studied analytically by Jiang and Pan (2004) . Li et al. (2009) achieved analysis of the mode III elliptic inclusion in transversely isotropic magnetoelectroelastic materials and gave expressions for the field variables in the matrix and the inclusion.
In this paper, we will discuss the problem that both the inclusion and matrix are magnetoelectroelastic materials under three loading conditions (those are mode I, mode II and mode III). A complex variable solution for the general case in an infinite medium is established. The paper is organized as follows: the mechanical, electric and magnetic fields for magnetoelectroelastic materials with an elliptical cylinder inclusion under combined mechanical, electric and magnetic are formulated in Section 2. Solutions for some special cases are given Section 3. The solution for the elliptic cavity is given in Section 4. General expressions for crack-tip fields, such as field intensity factors are obtained in Section 5. Field quantities along interface between the inclusion and the matrix are given in Section 6. The conclusions of the paper are drawn in Section 7.
Solutions for an elliptical cylinder inclusion
Under mechanical, electric and magnetic loads, the field equations for a linear magnetoelectroelastic medium are given as follows:
Constitutive equations:
Divergence and gradient equations:
Equilibrium equations: Fig. 1(a) , where a and b are, respectively, the major and minor semi-axes of the ellipse. The electric and magnetic loadings are in-plane mode, while the mechanical loading can be in-plane tension and/or shear (mode I and/or mode II), and/or anti-plane shear (mode III).
The boundary conditions along the interface have the following forms:
where c ij ¼ 2e ij ,the superscripts m and c refer to 'in matrix' and 'in inclusion', subscripts n and s mean, respectively, perpendicular and parallel to the surface.
The general solution for a magnetoelectroelastic material is given by Eq. (A11) in Appendix A. In each of the five z a -planes, where z a ¼ x 1 þ p a x 2 and p a is the eigenvalues with positive imaginary part, the ellipse is distorted.
Define R a ¼ ða À ip a bÞ=2 and m a ¼ ða þ ip a bÞ=ða À ip a bÞ, then the conformal mapping function
which maps the ellipse in the z a -plane to a unit circle in the w aplane, and the line segment (Àc, c) in the z a -plane is mapped to a circle with a radius ffiffiffiffiffiffi ffi m a p in the w a -plane, as shown in Fig. 1(b) . The inverse mapping function of Eq. (5) is
where c
As expected, Eq. (6) yields w a ¼ e ih ðÀp < h 6 pÞ, when z a ¼ a cos h þ p a b sin h, i.e. along the elliptical surface. Now, the problem in the z a -plane can be solved by mapping the ellipse to the circular ring in the w a -plane. The boundary conditions along the surface of the inclusion can be expressed in terms of the extended functions (see Appendix A for details)
j ¼ 1; 2; 3; 4; 5: ð7Þ According to Appendix A, The components of vector f m in the matrix and vector f c in the inclusion can be expressed as f where h i denotes a diagonal matrix, the superscript ''À1" means reciprocal of a matrix. The constant vector a 1 can be determined from remote loading conditions. For a mode III crack in a magnetoelectroelastic material, there are eight combinations of elastic, electric and mechanical loadings applied along the x 2 -axis . For an infinite domain, in general, the remote electric loading is electric field strength E i or electric displacement D i ; the remote magnetic loading is magnetic field strength H i or magnetic induction B i , while the remote mechanical loadings are stresses r ij or strains e ij , as shown in Fig. 1 (a). As they are connected by constitutive equations, only one of each counterpart pair is required to determine the constant vector a 1 . The remote extended stresses and strains are given by
where the superscript ''1" refers to the remote applied extended loads, S m is the extended strain tensor, C m is the extended elastic constant tensor, and 
The extended displacements and stresses in the matrix material and in the inclusion are obtained as
where
The extended strains can be calculated from the stress-strain correlation or from the extended displacements (see Appendix A for details). 
Eq. (20) indicates that the elastic, electric and magnetic fields in the inclusion material are uniform and vary with the shape of the ellipse. This case is similar to that for mode III inclusion and more detailed discussions are given in Li et al. (2009) .
Several special cases
Section 2 is the general solution for an elliptic inclusion in an infinite matrix. The matrix and the inclusion can be different materials of any properties. Some special cases are discussed below.
The matrix and the inclusion are identical material
In this case,
By Eqs. (12) and (13) a
By Eqs. (16)- (18), the full field solutions for inclusion and matrix are found to be identical and are:
The corresponding strain, electric and magnetic fields will be uniform throughout the medium. The inclusion does not disturb the mechanical, electric or magnetic fields.
b approaches zero
In this case, m
The constants inside the matrix are found to be a 2 ¼ a 1 . By Eqs. (16)- (18), the extended displacements and the extended stresses in the matrix material are obtained as
which are same as the case of homogeneous material given in Section 3.1. The strain, electric and magnetic fields are uniform throughout the medium.
Rigid, permeable inclusion
In this case, diagC c ! 1 as compared with C m . Since the inclusion is rigid, there is no extended strain along the interface. Therefore, in Eq. (11), A c ji b
, and then we also obtain the expressions of extended displacements and extended stresses by Eqs. (16) and (18).
where the expressions of g 1 ; h 1 ; k 1 and l 1 are given in Eq. (18).
Rigid and permeable line inclusion
Rigid and permeable line inclusion is a special case of Section 3.3, for which b is zero. If b approaches to zero, the conditions 
These are the results for a rigid and permeable line inclusion in an electromagnetoelastic material. In particular, if we let x 2 approaches zero, then z m a ¼ x 1 , Eq. (27) would give the extended displacements and the extended stresses in the matrix material on the x 1 axis as follows: 
Since only electric and magnetic fields exists in the inclusion, the equilibrium and constitutive equation are, respectively, reduced to 
Define the complex electric field, E c , electric displacement, D c , magnetic field, H c ,and magnetic induction, B c .
Next we will determine U, C, similarly introduce the mapping
which maps the ellipse in the z-plane to a unit circle in the w-plane, where w ¼ v 1 þ iv 2 ; R ¼ ða þ bÞ=2 and m ¼ ða À bÞ=ða þ bÞ. The line segment (Àc, c) in thez-plane is mapped to a circle with a radius ffiffiffiffi ffi m p in the w-plane, as shown in Fig. 1(b) , where
To ensure electric and magnetic fields are single-valued along the line segment in the z-plane; they must require that
in the w-plane. The inverse mapping function of Eq. (36) is
The boundary conditions along the surface of the inclusion can be expressed in terms of the extended functions
The complex potential U, C has the following form
where c 1 and c 2 are constants to be determined. 
Solving Eq. (41), the constants c 1 ; c 2 and a Ã 2 can be expressed in terms of a
where B 3 is the 2 Â 3 matrix, B 4 is the 2 Â 2 matrix (see Appendix A for details). Similarly, the constant vector a 1 can be determined form remote loading conditions. The remote extended stresses and strains are given in Eq. (14).
The extended displacements and stresses in the material are obtain as
These are the results for a soft and permeable inclusion in a magnetoelectroelastic material. If the material constants h kij and b ik equal zero, the above results reduced to the solution of a soft and permeable inclusion, which has been obtained previously by Zhang et al. (1998) .
Impermeable elliptic cavity
Suppose the inclusion is a cavity such that it is impermeable to the electric and magnetic fields. In this case,C c ¼ 0, according to constitutive equations, we know that the extended stresses 
where the expressions of g 1 ; h 1 ; k 1 and l 1 are given in Eq. (18). If b approaches to zero so that the cavity becomes an impermeable crack, we have m 
where g 1 ; h 1 ; k 1 and l 1 have the same form as those given in Eq.
.
Let x 2 approaches zero, then z m a ¼ x 1 . By Eq. (48), the field quantities on the x 1 axis are obtained as follows:
It should be mentioned that the case that b approaches zero here is different from that in Section 3.2. In Section 3.2, the inclusion is reduce to vanish as bapproaches zero, then the upper and lower surfaces of the elliptical inclusion coincide and the inclusion vanishes. In this Subsection, the upper and lower surfaces are always disjoint asbapproaches zero.
Elastic, electric and mechanical fields of a slit crack (inclusion)
When b approaches zero, the cavity becomes a slit crack. The corresponding solution can be obtained from the results of Section 4. For simplicity, the superscript m for the matrix is ignored here. When the cavity reduces to a slit crack, the extended displacements and extended stresses have the same forms as given by Eqs. (16) and (18) with f a ; f a;1 and f a;2 being reduced to
Define a complex stress intensity factor vector as
for the right crack tip. Substituting Eqs. (16) and (50) into Eq. (51) and we have that
Apparently, the magnetoelectroelastic coupling has a great influence on the intensity factors. By Eq. (53), the magnetoelectroelastic coupling can increase or reduce the constant k. Accordingly, the intensity factors K Ã can also be enhanced or weakened by the magnetoelectroelastic coupling through Eq. (52). From the modes I, II and III intensity factors, the electric displacement intensity factor and magnetic induction are twice the real part of the complex intensity factor vector
When the origin of the system is moved to the right crack apex of the ellipse, we introduce new variables z Ã a ¼ z a À a. Then, the electric, magnetic and mechanical fields near the right crack tip can be expressed in terms of the complex stress intensity factors as
The crack tip extended opening is calculated by Du ¼ u þ À u À , where the superscript ''+" and ''À" represent the ''upper" and ''lower" crack surfaces. Substituting Eq. (16) into Du, we obtain the following expression:
Near the crack tip, the extended displacements can be expressed in terms of the complex vector of the intensity factors as
The extended crack opening near the crack tip can be given by:
where r is the distance from the crack tip.
Field quantities along the interface
These quantities are important for fracture and reliability issues. Along the elliptical surface, z
The extended displacements and extended stresses in the material along the interface may be expressed in terms of the parameter h,
, j ¼ 1; 2; 3; 4; 5.
Conclusions
For general cases (including mode I, mode II and mode III), analytic solutions for an elliptic inclusion in a magnetoelectroelastic material matrix are obtained. The stress, electric and magnetic fields in the inclusion, in the matrix, and along the interface between the inclusion and the matrix are given in explicit forms. All results are expressed in closed-form so that materials scientists and engineers can easily use them for the design and tailoring of advanced magnetoelectroelastic materials.
Solutions for some special cases, such as impermeable cavity, rigid and permeable inclusion, impermeable crack, rigid permeable line inclusion, impermeable cavity, and permeable cavity can be obtained from the established general solution. It is also found that the general expressions derived here reduce to those known already in the literature in the special case of piezoelectric materials.
Using the results, it is also possible to predict the effective material properties of the corresponding fibrous composites. Since all field quantities in the inclusion and the matrix are obtained, the overall average of the field quantities in the fibrous composites can be obtained for any given volume fraction of inclusion. For this, estimation of the effective material properties can be made. We are currently conducting such research and will publish our results in the future.
Finally, it should be mentioned that the method discussed in this paper only applies to the case of infinite and homogeneous matrix. In practical applications, the problems of half-plane and biomaterial are interesting and valuable. Further work is apparently needed.
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Appendix A. General solution
Following Barnett and Lothe's (1975) 
C 5jkl ¼ C j5kl ¼ C jk5l ¼ C jkl5 ¼ h jkl ; i; j; k; l ¼ 1; 2; 3; m; n; s; t ¼ 4; 5;
The extended elastic constant tensor is still symmetric
Consequently, the governing and constitutive equations can be expressed in the five-dimensional system as S ij ¼ 1 2 ðu i;j þ u j;i Þ;
R ij ¼ C ijkl S kl ; R ij;j ¼ 0; i; j; k; l ¼ 1; 2; 3; 4; 5:
Thereafter, a repeated subscript denotes summation from 1 to 5 unless specified otherwise. When u i are functions of x 1 and x 2 only, the general solution is given by
Combining Eqs. (A6) and (A7), we have
A non-zero solution of A k requires that
Eq. (A10) has 10 roots which cannot be real because of the positive definiteness of the strain energy, electric energy and magnetic energy densities. The 10 roots form five conjugate pairs and we shall choose Imðp a Þ > 0 for a ¼ 1; 2; 3; 4; 5.
In general, the extended displacements and stresses can be represented as 
Since the ten-vectors are uniquely determined up to an arbitrary multiplicative constant, they are normalized to meet the properties:
where I is the identity matrix. Now, the mechanical electrical and magnetic coupling problem is reduced to the standard ten-equation (A12). Moreover, the matrix B ¼ iAL À1 is a Hermitian matrix and can be divided into
where B 1 is the 3 Â 3 upper left-hand block and B 4 is the 2 Â 2 lower right-hand block. For stable materials, Barnett and Lothe (1975) show that 
